











APPENDIX A

Most of the following mathematical definitions and derivations are in one-

dimensional space for simplicity.

Linearitz

Consider a system such that
£1(x) > g1(x)
and f,(x) > go(x),
then the system is linear if, and only if,
af;(x) + bfy(x) =+ agi(x) + bgy(x)

where a and b are scalars.

Shift-invariant

Assume for a particular linear system that

£(x) > g(x)
Suppose that the input signal is now shifted by an amount §. Then the system
is shift-invariant if

fx -8) » glx ~§&)

Convolution Integral

Consider a linear shift-invariant system

linear shift-invariand

£(E) = S(x,8) — g(x)
input output
system

An input £(£) is changed to an output g(x) by the system, where the system's

effect is described by the relationship,

g(x) = S(x,E)E(E)4E (1N

-0

Equation (1) is sufficiently general that a function in two variables S(x,&)

can be found to make equation (1) true for any linear shift-invariant system.
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Using the property of shift-invariance

glx - x,) = ) S(x,8)E(8 - x1)dE
Add x; to both x and £ |
=> g(x) = i S(x + %1, & + x1)f(E)dE (2)
Comparing equations (1) and (2)
S(x,E) = S(x + x1, £ + x;), for all x,.

This means that the function S(x,f) does not change if the same constant is
added to each of its variables, i.e., S(x,{) is constant as long as the

difference between its two variables is constant.

Therefore S(x,£) is a function of the difference between its two variables

=> S(x;8) = ‘L(X - &)

Therefore, rewriting equation (1) gives

glx) = L(x - £)£(E)dE (3)
-0
Equation (3) will be recognized as the convolution integral. There fore
equation (3) states that the output of a linear shift-invariant system is
given by the convolution of the input signal with a function L(x) that is

characteristic of that system.

This characteristic function is called the impulse response of the system.
In radiographic imaging the name of the impulse response function in one
dimension is the line spread function, whilst in two dimensions it is called

the point spread function.

Therefore for a l-dimensional linear shift-invariant system with a line
spread function LSF(x), the relationship between the input f(x) and the

output g(x) is given by
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g(x) = A f(x = E)LSF(£)AE (4)

=0

For a two-dimensional linear shift-invariant system with a point spread
function PSF(x,y), the relationship between the input f(x,y) and the output

g(x,y) is given by

glx,y) = A f(x - £, v =n)PSF(&,n)dEdn (5)
Q0
In equations (4) and (5) A is the gain of the imaging system, and as a

consequence the spread functions are normalized, i.e.,

LSF(E)AE = |

-0

co

and PSF(E,n)d&dn = |

=00

The image due to a sinusoidal wave input

Let f(x) be a sinusoidal input, such that

f(x) = a+ bcos[Zﬂvx + ¢(v)]
where a = constant background
v = spatial frequency
o(v) = phase lag (spatial lag is therefore equal to ¢/2mv)

f(x) is illustrated in Figure I

FIGURE I  Schematic representation of a sinusoidal input with amplitude b,
spatial frequency v, phase lag ¢(v) superimposed on a constant
background a.
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The input modulation is definmed by

£ - £

M = _Dax min _ b
in T F o4 £ .. T T
fnax * fmin a

From the general convolution relationship of equation (5), the output g(x) is

g(x) = A //ﬁ)/f [a + bcos{Zwv(x -Z) + ¢(v)]}PSF(€,n)d€dn.

Integrating w.r.t. n and remembering that the line spread function is the

given by

integral of the point spread function over ome variable, i.e.,

‘/’ PSF(x,y)dy.

A d/f [a + bcos[Zﬁv(x -£) + ¢(v)]]ISF(€)dE (6)

wCO

LSF(x)

Then g(x)

Using the expansion cos(A - B) = cosAcosB + sinAsinB, and that the area

under the line spread function is unity, then

g(x) = A [a + bcos[vax + o(v) - ZWvE]]LSF(E)dE
= A aLSF(E)AE + Ab [Cos(Zﬂvx + ¢(v))Cos2mVg

+ sin(2mux + ¢(v))sin2nvg]-LSF(£)dg

[o.+]

Aa + Abcos(2mvx + ¢(Vv)) cos2mVE *LSF(E)dE

O

+ Absin(2mvx + ¢(v)) sin2muELSF(£)dE

-_0
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Let cv) = dmm co82mVE ¢ LSF(£)dE
and S(v) = = n;w §in2mvg *LSF(E)dE
Then C(v) + iS(v) = c‘:’ [cosZn\)E - isinZHvE]-LSF(F,)dE;
= d;” e T2MVE 1 or(e)dE
= OTF(Vv) ” (7)

The function OTF(v) is called the optical transfer function. C(v) and S5(v)

are its real and imaginary‘parts, respectively.

Note: From the form of equation (7), the optical transfer function is the

Fourier transform of the line spread functiom.

Therefore, making the appropriate substitutions,

g(x) = Aa + Abcos[ 2mx + (W) ]C(v) - Absin[2mux + p(v)]+S(V) (8)

Further, let MIF(v) and PTF(v) be the modulus and phase of OTF(v), defined

by

MTF(v) = Y C2(V) + S2(V) (9)
and PTF(v) = tan™! 553; ” (10)
From (10),

cos PTF(V) cv) = cv) (1)

) -\/Cz(\)) + S2(V) - MIFQV)
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and sin PTF(v) = =
\/CZ(\)) + 8%(v) MIE (Y’

Using equations (9), (10), (11), (12), the output can be rewritten as

2(x) Aa + AbMTF(\))[cos PTF(V) *cos(2mux + $(V))

- sin PTF(v) +sin(2mvx + cb(\)))]

ha + AbMTF(v)cos[Zﬂvx + o(v) + PTF(V)]

i.e., the output is sinusoidal with the same frequency v, but with changed

amplitude, ABMTF(v), and an additional phase lag PTF(v).

The output medulation is given by:

8max ~ Smin

b
M MTF(v) =
out 8max * Bmin a

Therefore the ratio of the output modulation to the input modulation is

b
M MTF(V) =
out a
i 5 = MTF(yv)
a

This ratio is called the modulation transfer function.

PTF(v) is called the phase transfer function and it describes the change in

the phase caused by the imaging system.

The previous result for a one-dimensional sinusoidal input can be easily

extended to the more general two—dimensional case, with the same result.

Thus the output from a linear shift-invariant imaging system for a sinusoidal
input is also sinusoidal with the same frequency, but with changed amplitude

and phase.

The ratio of the output-to-input modulation is called the medulation transfer

function and is given by the modulus of the optical transfer function.
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The additional phase lag is called the phase transfer function and is given

by the argument of the optical transfer function.

The optical transfer function is the Fourier transform of the point spread

function.

Fourier analysis

The one-dimensional Fourier transform of an input function f(x) is given by

-2Tivx

F(v) = f(x)e dx

Q0

and the two-dimensional Fourier transform of an input function f(x,y) is given

by

x
Flug,vy) = £(x,y)e=2Ti(vxx +Vy¥) 4xdy.
-=CO
Taking the appropriate Fourier transform of the input function resolves the

input function into its sinusoidal components.

If a function is already known in terms of its sinusoidal components then the
spatial function can be obtained by taking the inverse Fourier transform,

i.e., for the one-dimensional case: -

@©

g(x) = G(v)elTiVx 4y

00

and for the two-dimensional case

@©

g(x,y) = G(v},;,vy)eZT‘l(Vxx *+Vyy) dvgdvy.

Transfer function analysis

For any linear shift-invariant system the output due to any input function can

be determined as follows:

(i) The input function is resolved into its sinusoidal components using

Fourier analysis.
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Each of these sinusoidal components has its amplitude multiplied by the

gain and the modulation transfer function, and its phase retarded by

the phase transfer function.

The output function is obtained by taking the inverse Fourier transform

of the sinusoidal components obtained in (ii).

That is, in one dimension:

F.T.
fx) > F(v)
F.T.
LSF > OTF(v) (MTF(v),PTF(V))
G(v) = AF(V)+0TF(v)
OR |GV = A|F(V)|+|OTF(V)|
and  ¢glv) = PTF(V) + ¢p(V)
F.T.
G(v) > g(x)
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APPENDIX B

Autocorrelation function

Definition (one-dimensional case): The autocorrelation function Rg({) of the

function f(x) is given by

[eo]
Re(E) = £(x)xf(-x) = f(x)£(& + x)dx.
-CO
Rf is always even and has a maximum at § = 0. It has the property
< x 2
Re(E)dE = f(x)dx
—co -0

ise., the area under the autocorrelation function is equal to the area under the

original function squared.

The Power spectrum

Definition (one-dimensional case): The power spectrum of a function £(x) is

given by the Fourier transform of the autocorrelation function

Rf(g)e-ZﬂiE\) dg

Pe(v) = '}{agg)}

It has the following property.

) = BHreo) 3{f(x>*f(—x)}

F(V)+F(-v)

F(v)sF*)

[F(v) |2

i.e., the power spectrum is equal to the square of the modulus of the Fourier

transform of the original function.
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Autocorrelation function in noise analysis

Since the noise in an imaging system is a random process in two dimensions, the

following definitions are given in two dimensions.

Xr Y
11 1 ]
cg,n) = x,$+w X ° §§;/’ J/‘ AD(x,y)AD(x + £,y + n)dxdy
-x7 -y

where C(EZ,n) is the autocorrelation function of the fluctuations
and AD(x,y) is the density fluctuation at (x,y), given by
AD(x,y) = D(x,y) - D.

D(x,y) is the density at (x,y), and D is the average density.

Note: The scale value C(0,0) is equal to:

X Y

_ lim 2 _ 2

c(0,0) = X’Y%f/r ‘/, AD*(x,y)dxdy = o,
-XJ/-Y

2, . . . .
where gp 1s the variance of the density fluctuations when measured with an

aperture of area A.

The Wiener Spectrum

The Wiener spectrum of the fluctuations of a stationary ergodic process is

defined by

. 2
W(vyg,svy) AD(x,y)e 2L (Vxx +Vyy) dxdy

where the symbol <i :> denotes the ensemble average.

Note: The autocorrelation function and the Wiener spectrum are Fourier transform

pairs
S
— s r
i.e., W(\)X’\)y) = C(E,n) e ZTTl(\)XQ +\)yﬂ) dgdn
-0
o

c(g,n) W(vg,Vy) e*2mi(vxE +vyn) dvgdvy

-0
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Note: The variance of the measured density fluctuations is the volume under the

two-dimensional Wiener spectrum

«©

. 2
i.e., o, = c(0,0) = W(vx,vy)dvxdvy

=00

Measurement of autocorrelation functions and Wiener spectra

The measured autocorrelation function is equal to the actual autocorrelation

function convoluted twice with the point spread function of the measuring system.
i.e., C*(E,n) = C(&,m=xh(-x,~y)xh(x,y)

where C*(£,n) is the measured autocorrelation function
C(g,v) is the actual autocorrelation function

h(x,y) is the point spread function of the measuring system

Similarly, the measured Wiener spectrum is equal to the actual Wiener spectrum

multiplied by the square of the modulus of the optical transfer function

. 2
i.e., W vgsvy) = W(vg,Vy) {0'1’1~‘(\)X,\)y)|2 = w(\)x,vy)[MTF(vx,\)y)]'
where W‘(vx,vy) is the measutred Wiener spectrum

W(vx,vy) is the actual Wiener spectrum

OTF(vx,vy),is the optical transfer function of the measuring system

If the Wiener spectrum of a two-dimensional isotropic random process is
measured using a long and narrow slit and scanning at right angles to the
length of the slit, then the one-dimensional Wiener spectrum that is obtained

is a section of the two~dimensional spectrum.

If a very small circular aperture is used instead, the Wiener spectrum is an

integral form of the two-dimensional spectrum.





